IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Supersymmetric quasi-Hermitian Hamiltonians with point interactions on a loop

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2008 J. Phys. A: Math. Theor. 41 244025
(http://iopscience.iop.org/1751-8121/41/24/244025)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.149
The article was downloaded on 03/06/2010 at 06:54

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/41/24
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

IOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 41 (2008) 244025 (11pp) doi:10.1088/1751-8113/41/24/244025

Supersymmetric quasi-Hermitian Hamiltonians with
point interactions on a loop

Petr Siegl'->3

! Faculty of Nuclear Sciences and Physical Engineering, Prague, Czech Republic

2 Department of Theoretical Physics, Nuclear Physics Institute, Academy of Sciences, flei,
Czech Republic

3 Laboratoire Astroparticule et Cosmologie, Université Paris 7, Paris, France

E-mail: siegl@ujf.cas.cz

Received 30 October 2007, in final form 11 February 2008
Published 3 June 2008
Online at stacks.iop.org/JPhysA/41/244025

Abstract

We explore some aspects of P7-symmetric Hamiltonians with two point
interactions. We determine classes of point interactions for which the
Hamiltonians are supersymmetric. We prove that these Hamiltonians are quasi-
Hermitian and find a very simple formula for the metric operator ® and its
square root o as well. Further, we present the quasi-Hermitian Hamiltonian
(with one-point interaction) with a continuous spectrum.

PACS numbers: 03.65.Ca, 03.65.Db, 03.65.Ge, 11.30.Pb

1. Introduction

Although quasi-Hermitian operators [1] are non-Hermitian they possess a real spectrum. P7 -
symmetric Hamiltonians are not automatically quasi-Hermitian, however they often serve as
a suitable starting point. In order to obtain not too technically complicated systems, we
may consider P7-symmetric point interactions instead of usual complex potentials. The
classification of P7-symmetric point interactions is provided by [2]. Particular examples
of quasi-Hermitian models with one-point interaction may be found in [3] or [4]. The
former presents the model with a closed form of metric operator ®, while the latter offers an
approximate formula.

The quasi-Hermitian operator may be mapped by similarity transformation o = +/© to
the self-adjoint one [5]. However, an explicit calculation of v/© may be very difficult even
for a not very complicated metric operator. Recent discussion of the scattering theory [6] for
non-Hermitian Hamiltonians is partly based on this similarity transformation as well. Thus
an explicit example of o may be very useful.

We present several Hamiltonians with P7 -symmetric point interactions which turn out
to be quasi-Hermitian. We construct the metric operator ® as well as its square root o and we
find a closed-form formula for both operators.
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The first two models are Hamiltonians with two P7 -symmetric point interactions which
are compatible with supersymmetric structure. The problem of finding suitable boundary
conditions allowing supersymmetry has already been solved for the self-adjoint case in [7].
We explore a generalization to the P7 -symmetric systems.

A special type of boundary conditions found for supersymmetric models inspire us to
consider the quasi-Hermitian Hamiltonian with continuous spectrum. Although the point
spectrum of the Hamiltonian is empty, we found the metric operator and its square root.

We recall the definition of the quasi-Hermitian operator.

Definition 1. Densely defined operator A acting on a Hilbert space H is called quasi-
Hermitian, if there exists an operator ® with properties

(1) ® € B(H),
(2) ® > 0,
(3) A* = OAO !,

It follows from the more mathematically oriented analysis on quasi-Hermiticity [8] that all
requirements on metric operator are essential and is needed to verify them carefully, especially
the domains of definition.

2. Supersymmetric models with point interactions

We consider a system on the finite interval (—/, /) and two point interactions, at x = 0 and
x = =%l (i.e. interaction at the origin and between the two end points). Every P7 -symmetric
point interaction at x = a may be described by boundary conditions ([2], theorem 2, connected
case). In order to show connection with the self-adjoint case [7] we rewrite these conditions
in the following form, using the same parameters b > 0, ¢ > —1/b, 0, ¢ € [0, 27) as in [2]:

(C—=D¥(a)+(C+DV¥'(a) =0, (D)
where
V(a+) / V'(a+)

)\ = )\ = 2

(@) ( b )’ @={_yay): )
(b—c) e?+/T+bc(e?? —1) 2e0+)

C— (b+c) ei®++/1+bc(e%?+1) (b+c) ei®++/1+bc(e?®+1) 3)

N 2e 4P (b—c) e —/Tabe@—1) |’

(b+c) et ++/1+bc(e%?+1) (b+c) ei®++/1+bc(e?®+1)
and the symbols a=+ have the usual meaning of limits ¥ (a%) = lim,_, 44 ¥ (x).
Our aim is to find P7 -symmetric systems on a loop (—/, [) with two point interactions
(at 0 and /) which are supersymmetric. Regarding usual simplicity (exact solvability in terms
of elementary functions) of Hamiltonians with point interactions and moreover its special
structure (SUSY), we intend to find explicitly the spectra and metric ® operators for these
systems.

In order to obtain supersymmetric system with supercharges 0, %,

{Qa, Qp} = Héuw, “4)

we have to restrict boundary conditions (1)—(3). We expect that we receive boundary conditions
which connect values of functions and values of derivatives separately as well as in a self-
adjoint case [7].

We recall briefly the procedure of finding suitable boundary conditions compatible with
supersymmetry presented in [7] and we modify it to the P7 -symmetric case.
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If ¢ is an eigenfunction of H, then Qg is also the eigenfunction of H corresponding to
the same eigenvalue (or Q¢ = 0). Since it is not guaranteed for general boundary conditions
that Qg satisfies (1) although ¢ does, supercharges cannot be only derivatives multiplied by a
scalar. We take an eigenfunction ¢ of H

Hyo = Egp @)

and denote x = Q. Since the supercharge is proportional to the derivative, boundary values
of x are related to those of ¢':

X(a+)) < ¢'(at) )
v, (a) = =M , 6
«@ (X(a—) —¢/(a-) ©
where M is an invertible matrix. ¢ is an eigenfunction of H, hence ¢” is proportional to ¢ and
x'(a+) ) - <<p(a+)>
v (a) = , =EM , 7
@) (—x (@) pla—) @)
where M is an invertible matrix again. When we combine (1), (6) and (7), we arrive at
(C— DMV, (a)+ E(C+ DMV, (a) = 0. (8)

Boundary conditions have to be energy independent and W, \Il;( are not zero vectors
simultaneously. Therefore, (C £ I) must be singular matrices, i.e. eigenvalues of C are
£1. This constraint restricts the general form of C to two possibilities:

itan ¢ <
Co=x| =0, )
o 5 —itan¢
i.e. parameters b, ¢ are equal to zero, however, the range of 9;‘7’ is Qreserved.
After reparametrization of C. elements using new both 8 and b parameters
cosf sin @ . .
,31 =b =— s ,32 =b, = s ,33 =iby = —1tan¢, (10)
cos ¢ cos ¢
(B2 =b}+b3 — b3 =1, B2 €R, B3 € iR, bios €R, (11)
we arrive at
T PR
Cs = exp (15(1 +5. a)) (12)

where & are the Pauli matrices.

We use parameters § in order to write following expressions in a more elegant way and
to show connection with the self-adjoint case, where parameters real & are used [7]. However,
we move to the real parameters b in the following sections to avoid the tricky structure of
B, B3 is not real.

We summarize results of [7] in the following (all technical details and derivations of
formulae can be found there) and adapt the results to the P7 -symmetric case. Fortunately, the
transition from the self-adjoint case turned out to be very easy, in fact a shift @ — B is needed
only. A direct connection can be found in relation (12) because it is a slight generalization
of the standard one (16). Boundary conditions for the self-adjoint case are described by the
unitary matrix U and the real parameter L in equation

(U —DV¥(a)+iLlo(U + V' (a) =0, (13)
where W, W’ were defined in (2). We may use an exponential form of unitary matrix
U = U, (6,.0-) = explib, P +i6_P; }, (14)
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+ : .
where P, are orthogonal projectors:

£ _ 1 A > 3 )2
P =5 +g), g=a-o, aeR’, ()" =1, 15)
+\2 + £)\* + _
(PF) =P =(P)), PIPS =0, Pf+P; =1
Supersymmetry restricts (proof in [7]) these general conditions to
U (., 0) :exp{i%(l:l:&-&)} (16)

Although we cannot use the exponential form for the general matrix C (3), both matrices
U, (m, 0) and C with restricted parameters may be written in the exponential form (12), (16).
We note that the only difference between U, (7, 0) and Cy is the structure of & and B This
fact allows us to obtain the supercharges, eigenvalues and eigenfunctions of Hamiltonian very
easily from the self-adjoint case.

In order to express boundary conditions in a more convenient way, we use operators
P, Q, R which have been already introduced in [7],

(Py)(x) = ¢ (—x), RY)(x) = (0 (x) = 9 (=x) V¥ (x), Q = —iRP, a7)

where ¥ is a Heaviside step function. The operators are labeled in the following way:

Pr=P, P =09, P =R. (18)
The set of these operators forms an algebra of Pauli matrices, i.e.

[Pr, Pl = 2i€mn P, {Pr1, Pn} = 261m1. (19)
Next, the operator G associated with g = ,173 - & is introduced,

G=8P, (20)

obeying G* = I, G* # G, [G, PT] = 0. (In the self-adjoint case, B is replaced by @ and G is
self-adjoint [7].) It allows us to decompose any function i into two eigenfunctions of G:
Ye =35I £, V=v.+y, GYs =t 2D
Boundary conditions at x = a corresponding to C. are now expressed in the form
type+: ¥ (a+) =y’ (a—) =0, type — 1y (a+) = y_(a—) =0. (22)
Hence we study two types of models: (++) and (+—). (++) denotes the interaction of the type +

at x = 0 and of the type — at x =/ (at x = [ boundary conditions connect x = —/ and x = [).
The other combinations provide equivalent models.

2.1. Model of the type (++)

We work in the Hilbert space L?(—/, [). The domain of definition of our Hamiltonian H; =
H., = —d‘l—zz consists of functions € ACZ(Q) which obey boundary conditions (++) at
x = 0and x = £/. We adopted notation of [13], i.e. ¥y € AC*(Q) if ¥, ¢’ are absolutely

continuous at 2 and ¥” € L2(—I, ). For our system, Q = (=, 0) U (0, ).
Dom(H,) : ¥ € AC*(Q),
(b1 +ib2) Y (0+) + (1 —ib3)Y (0—) =0,
(b1 +ib2) ¥ (0+) + (1 +1ib3)¥'(0—) = 0,
(by +iby) ¥ (1) + (1 — ib3) Y (=1) = 0,
(by +ib) Y (1) + (1 +ib3)y' (=) =0,
bi23 € R, bi+by—by =1,

(23)
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Figure 1. Eigenfunction 1//5+,Z = (10.000, 5.600, 11.417),l = 7.

where by 53 € R and b7 + b3 — b3 = 1. Since the fractions (1 = ib3)/(b; +ib,) have absolute
values equal to 1, boundary conditions may be rewritten as (similarly for x = =£/)
¥ (0+) = ey (0-), ¥'(0+) = =y’ (0-), T2 €R (24)

Parameters 1 » are different if b3 # 0, the case b3 = 0 corresponds to the self-adjoint setting.
It is not difficult to find the adjoint operator H;* directly from the definition of adjoint
operator [13], i.e. using standard technique, integration by parts, etc.
Dom(H;) : ¥ € AC*(R),

(by +1D2) ¥ (0+) + (1 +1b3)¥ (0—) =0,

(b1 +ib2) Y (0+) + (1 — ib3)Y'(0—) = 0,

(by +ib) Y (1) + (1 +ib3) Y (=1) = 0,

(b1 +ib2) Y’ (D) + (1 = ib3)yY" (1) = 0,

bias €R, bt +b5 — b3 = 1.

(25)

Since H; is equal to Hbe (we change the sign of b3 in (23) and take the adjoint) it is closed.
We remark that H, is P-pseudo-Hermitian only for b, = 0.

Eigenvalues of H; are the same as in the self-adjoint case [7], eigenfunctions differ only
in the substitution & +— b, i.e.

e ()

Uns () = Co (900) = 9 () 2102 ) i 2T (26)
(X)) =C, X X T+ibs sin lx,

by +1b; niw
Y (x) = G, | #(x) — ¥ (—x)——— | cos —x, n € N,

l—lbg, l

where ¥ (x) is a Heaviside step function and C,, are normalization constants. Eigenfunctions
of the Hamiltonian v, are eigenfunctions of operator G (20) as well, corresponding
to the eigenvalues +1 (the generalization of the proof from the self-adjoint case [7] is
straightforward). Figures 1 and 2 illustrate eigenfunctions 1, point interactions at the
origin and end points rotate wavefunction in the complex plane.

Energy levels are doubly degenerate except the lowest one as we expected for the
supersymmetric system. Supercharges (), may be obtained from the self-adjoint case [7]
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Figure 2. Eigenfunction v5_, b= (10.000, 5.600, 11.417),1 = .

easily again, by substitution & B
V2 d

=i—G 2, P3—, 27

() 1291,2 Ehr (27

where
Ga=p2- P, (r2?=1  ad  Jia-f=7-72=0. (28)
Eigenfunctions of Hamiltonian have a very simple form and this fact allows us to construct
the metric ® operator using the idea of Mostafazadeh [9, 10]

0= ch<¢nv ')¢ns (29)

where c, are positive numbers and ¢, are eigenfunctions of H. An alternative approach of
Krejcirik [11] using spectral theorem can be applied as well. We denote ¢, eigenfunctions
of H* and normalize them in a special way:

2 by +1ib; . nmw
Pni(x) = \/; (ﬂ(x) - 17(—?5)1_—“73) sin 7%

_ 1 b] +ib2
$o-(x) = 7 <l9(X) =¥ (=x) 1 +ibs ) , (30)
()—ﬁ 9 (x) — 9 (= )b‘“'”) el
¢n—(x) = ; X X 1+ ibs cos ] X.
Sets {erﬂ:il’ { ni}:io’
" \/5 . nmw
e, (x) = Tﬁ(ix) sin Tx, 31
I 1 i 2 nmw
fox) = Tﬁ(ﬂ:x), [t = 719(:i:x) cos Tx, (32)

form orthonormal bases of L2(—I, 0) and L?(0,1). We express ¢,+ in terms of ef, fni and
calculate

G Vs = (e}, Ve + ey ey + 02 ey PYYey + et Py ey,
—1b3 1+1b3 33)
s i _ _ by +iby P _ by — ib, + D +(
Gims V)i = VT + U N = U P = g U P

6
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In order to find a metric ®, we calculate the sum (29)

1o -
© = s-lim > (Z (s Vs + ) (- ->¢n_)

n=1 n=0
D3 prpy 0 pop (34)

=71—
by +1ib; by —ib;

where P is a parity and P are orthogonal projectors
(PEY)(x) = O (E0)Y (x), (P%)? = P* = (PP)", P*P"=P P =0. (35

We prove that © fulfils all requirements of the definition of the quasi-Hermitian operator (1)
in subsection 2.3.

2.2. Model of the type (+—)
The domain of definition of the Hamiltonian H, = H,_ reads
Dom(H,) : ¥ € AC*(Q),

(b1 +1b2) ¥ (04) + (1 — ib3) Y (0—) = 0,
(b1 +ib2) Y (04) + (1 +1ib3)Y'(0—) =0,

: . 36
(by +ib) ¥ (1) — (1 +ib3)yr(—1) =0, (36)
(b +ib)y' () — (1 —ib3)Y'(=1) =0,

bia3 €R, bt +by — b5 =1,
eigenvalues and eigenfunctions are
£ - ((Zn — 1);1)2,
21

by +1ib - (n—Drm

Ys(x) = G, (ﬁ(x) — 9 (—x) 1‘+ib;> sin & 5 L 37)
by +ib -1

U () = C, (9 00) = 9 (e 2F1D2 ) o = DT neN.
1— 1[93 21

Supercharges have exactly the same form as in the previous case (27), however the
supersymmetric structure of this model is different because the zero energy level is absent.

We use analogous procedure to obtain metric operator. We express eigenfunctions of H;
in terms of e, f;:

1 . 2k—D=m 1 km
n

eo(x) = \/%_l exy—1(x) = ﬁ sin —— —x, e (x) = ﬁ cos —X,
(38)
fr—1(x) = i cos Mx fou(x) = L sin ]ﬂx
2k—1 \/7 9] s \/7 / s

where sets {e,}°2, { fu}oo, form orthonormal bases of L%(—=1,1). Summation (29) in the

strong limit sense yields

b —ib
© = P01 + 02)P* + P~ (0, + 0)P~ — 222 p+gy, p-
1+1b3
b1+ib2 _ bl—ib2 _ b1+ib2 _
- PO, Pt — L 2pro,p~ — P~0,P", 39
1 — ibs : 1 — ibs 2 1 +ibs 2 (39
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where O ; are orthogonal projectors:
Orey =0, O1e3—1 = €1,
02 fo = 0, 02 fok—1 = fok-1-

This result is derived directly from sum (29), nevertheless operators O; and O, are projectors,
respectively, on the odd and even parts of the function, i.e.

0 =Lu-p), 0y =4I +P). @1

Hence the metric operator ® has exactly the same form as in the previous case (34).

(40)

2.3. Metric operator

Theorem 2. Operators H, , are quasi-Hermitian, the metric operator © reads
ib ib
O=1I- > ptp+ ]
by +1b, by —ib,
where by 53 € R, b% + b% - b% =1, P is a parity and P= are orthogonal projectors:

(PY)(x) = Y (—x), (PEY)(x) = ¥ ()P (x), (P = PE = (PH)*.  (43)

PP, (42)

Proof. We prove that ® meets all requirements according to definition 1 in several steps:

(1) It is obvious that ® is bounded, |®| < 3
(2) ©® is self-adjoint. Relation

—ibs —ibs _
O*=1-— >_pp* > pp, 44
i ¥ Y riny “4)
together with P P¥ = PTP, yields the result.
(3) ©® is positive:
ib3 —
OY) = — J+
(W, Oy) = [y +ib2 1b2
1b3 bl +1b2
> |y — 45
¥l ‘b Tib, H b —iby J ‘ (45)
where
l_
J=/ Y ()Y (—x) dx, (46)
0
1 1 1
1] </ W (1Y (—0)ldx < 5/ P + 1 (—x) P d
0 0
1 _ 1
< 3 (P I*+ 1P~y %) < 5||1/f||2. “47)
These estimates yield all together
woom > (1- 22 Yy so (48)
V1+|bs)?

Co

(4) ® is invertible and ®~! € B(H). Since ¢y > 0, inequality (48) yields 0 ¢ o (®).

8
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(5) ©® maps the domains of definition of H;, and Hf, correctly, i.e. ® Dom(H,2) =
Dom(Hy,). Itis straightforward to calculate limits (for £/ analogously)

ib
(©Y)(0+) = ¢ (0+) — 1y (0-),
b] + lb2
ib “49)
(©Y)(0-) = Y (0-) + ————1 (0+),
bl - 1b2
and verify that ©®y satisfies boundary conditions of Dom(H,). 0
Proposition 3. Operator o is bounded, positive and o* = ©,
o=ail +a&;P*P+@mP P, (50)
where
a; >0 a2—1(1+\/1—|k|2) wm=F k=103 (51)
P ) ’ *7 2ay T by +iby
Proof. It is clear that o is bounded:
0® = (ai +|ax*)I +2aa, P*P + 2a1a; P~ P, (52)
where we used identities PP* = P¥P and P* + P~ = I. Slightly modified estimations
(45)—(47) yield
(¥, o) > (a1 — laaD Iy |17, (53)
and a; — |az| > 0, whence g is positive. (]

2.4. Model with continuous spectrum

A motivation for the quasi-Hermitian model with continuous spectrum is a system on
2
L*(—1,1), Hy = -

Dom(Hs) : ¥ € AC*(Q),
(b1 +ib2) Y (0+) + (1 — ib3)y (0—) =0,

(b1 +1b2) Y (0+) + (1 +ib3) Y’ (0—) = 0, (54)
V(=D =y =0,
bins €R, bt +b5 — b5 = 1.
The eigenvalues and eigenfunctions of Hamiltonian read
nmw\2
En = (2_l> )
Yan(x) = C 9 (x) — O ( )b1+ib2 i nmw (55)
m(X) = Cop—1 X X 1+ib3 1mn / X,
by +ib 2n+1
Yawa () = Can (900) = 9=y 202 ) 0o BREDT oy,
1 —ibs 2]

It is possible to show by using the same procedure as in the (++) and (+—) models that the
strong limit of sum (29) is equal to the ® (42) and all the properties of metric operator for Hj
are satisfied as well. Since metric operator does not depend on a scale parameter / explicitly,

9
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we may ask if the constructed operator ® is a suitable metric for the system on a whole line.

Indeed, we consider L%(R) and Hy = —Cf‘x—zzz

Dom(H,) : ¥ € AC*(R — {0}),
(b1 +ib) ¥ (0+) + (1 — ib3) Y (0—) =0,
(by +iby) Y (04) + (1 +ib3)y'(0—) =0,
bins €R, bi+b5 — b5 = 1.

(56)

We take the operator © (42) and extend it on L?(R) in a natural way. It is obvious that ©
maps correctly the domains (exactly the same proof as before) so that equality

Hf = 0H,0™! (57

holds. The proof of positivity stated in theorem 2 is valid for Cj°(R) functions, hence the
positivity of extended © follows immediately from the density of C§°(R) and boundedness of
©®. All these facts together show that Hy is quasi-Hermitian operator (definition 1).

The spectrum of Hj is different from the other models, it consists of [0, co) of continuous
spectrum and at most two eigenvalues which are real negative (theorem 2, [2]). For the
presented model, the solution of Hyy = Ev for E < 0 satisfying both boundary conditions
(56) and requirement of being in L?(R) is only a zero function. Therefore, point spectrum of
H, is empty and o (Hy) = o.(H4) = [0, 00). Although no eigenfunctions are available (hence
we cannot try to find a metric with the help of sum (29)), we showed that H, is quasi-Hermitian
according to definition 1.

3. Concluding remarks

The requirement of supersymmetry in the system with P7-symmetric points interactions
restricts very strongly the choice of boundary conditions. The Hamiltonians are quasi-
Hermitian and their spectrum is identical with the self-adjoint case. On the other hand,
the simplicity of eigenfunctions allowed us to find a formula for both metric operator and its
square root. Point interaction described by (23) seems to be the most elementary one, they
do not combine the function and derivative. Example [3] shows that already special mixed
boundary conditions lead to the more complicated systems. We remark again that it is possible
to rewrite the boundary conditions in the following way:

YOy =€y 0-), PO =emY0-), m#on (58)
which strongly resemble one particular class of self-adjoint extensions [13]
¥ (0+) = ey (0-), ¥/ (0+) = ey (0-). (59)

Possible generalizations of the presented models lie in an increase in the number of
interactions. Supersymmetric structure of the model with n interactions may be very interesting
and simplicity of eigenfunctions allows us probably to find simple form of metric operator.
Another generalization is inserting the boundary conditions to the two-dimensional model,
analogously to [12].
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